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Abstract
A systematic study of the ground state properties of transitional nuclei W, Os
and Pt is conducted with the help of Skyrme Hartree-Fock-Bogoliubov theory.
Different Skyrme interactions are employed in the study. Two different bases,
harmonic oscillator and transformed harmonic oscillator, are used in our in-
vestigation. 2n- separation energy, charge radii, neutron and proton rms radii,
neutron skin thickness and deformation parameter have been estimated. The
results obtained are in good agreement with the available experimental values.
Keywords: Hartree-Fock-Bogoliubov, binding energy, neutron
separation energy, rms radii.
1. Introduction
The developments of experimental facilities like Radioactive Ion Beams (RIB)
help us to study the structural properties of a wide range of nuclei in the nuclear
chart[1, 2]. Experimental facilities which exist today are incapable of studying
nuclei very far from the stability line. To explore their properties, we have to
rely mainly on theoretical methods. Many theoretical studies have been carried
out in recent years by various groups to study their structural properties. Inves-
tigation of nuclear structure towards drip-line has become a hot research topic
nowadays. Nuclei near the drip-line, owing to the low binding, exhibit several
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interesting phenomena like neutron skin, halo etc. Experimental evidence for
neutron skin in 208Pb have been observed by various methods [3, 4, 5, 6, 7] in
recent years. Theoretically, with the help of various phenomenological as well
as microscopic models, neutron skin thickness have been predicted for a wide
range of nuclei[8, 9, 10, 11]. Moreover, neutron rich nuclei near to drip-line have
great relevance in stellar nucleosynthesis [12, 13].
Transitional nuclei serves an interesting region for the study of the nuclear
structural properties because of the presence of the oblate shaped isotopes.
Several authors have analysed the structural properties and shape evolution of
transitional nuclei, Yb, Hf, W, Os, Pt etc using various experimental [14, 15,
16, 17, 18] as well as theoretical [19, 20, 21, 22, 23, 24, 25]models in recent
decades. Nuclear size is one of the important characteristic properties of a
nucleus. Nuclear mass and radii are the main quantities used to probe the
structure of a nucleus.
In the present study, we have tried to study the structural properties of even-
even W, Os and Pt isotopes using Skyrme-Hartree Fock-Bogoliubov (HFB)theory.
In our earlier studies, we have successfully applied this theory in predicting the
decay properties of these nuclei[26, 27, 28]. This theory serves well in the region
away from drip line due to the inclusion of pairing correlation and thereby re-
moving the continuum problems[29, 30]. Moreover, we have used two different
basis to solve HFB equation, Harmonic oscillator (HO) and Transformed har-
monic oscillator (THO). HO basis explains the nuclear properties in the nuclear
interior in the case of nuclei near and far from beta stability line, very well. But
in the case of the exterior part of the drip line or weakly bound nuclei, HO basis
expansion converges slowly and results in the reduction of densities and do not
reflect the pairing correlations correctly. However, the THO basis, explains the
exterior part as well.
Nuclei in the region A ∼ 190 are intrinsically deformed in their ground state
itself. These nuclei belong to the transitional region where a shape change be-
tween prolate, oblate and spherical configuration is observed. Certain studies
showed that nuclei in these regions are superdeformed. These properties make
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them interesting candidates for structure studies. As a representative of this
region, we have selected Tungsten (W), Osmium (Os) and Platinum (Pt) iso-
topes for our investigation. Moreover, these nuclei are near to the doubly magic
208Pb nucleus.
The paper is organised as follows. In section 2, we have given the theoretical
formalism, along with the details of calculations employed in the present work.
The results of the calculations and their relevant discussion are given in section
3. Finally, the concluding remark is presented in section 4.
2. Theoretical framework
Hartree-Fock-Bogoliubov (HFB) theory, which is the generalised form of
HF+BCS theory, consider both the long range mean field part and the short
range pairing part with equal importance[31]. In the matrix form, the HFB
equation is given by[32], h− λ ∆
−∆∗ −h∗ + λ
 Un
Vn
 = En
 Un
Vn
 (1)
where h = t + Γ is the HF potential, ∆ is the pairing potential, En is the
quasiparticle energy, λ is the chemical potential and Un and Vn are the upper
and lower components of the quasiparticle wavefunction.
Skyrme HFB equations are solved using axially deformed cylindrical har-
monic oscillator (HO) and transformed harmonic oscillator (THO) basis[33].
Numerical calculations have been done with the help of 20 oscillator shells with
a cut-off energy of 60 MeV. In the mean field part, we used the zero range Skyrme
effective interaction. There exists a variety of Skyrme parametrizations. In the
present work, we made use of some widely used Skyrme interactions like SIII[34],
SKP[35], SLY6[36], SKM*[37], UNEDF0[38] and UNEDF1[39]. These Skyrme
forces are found to be very efficient in reproducing nuclear ground state prop-
erties. In the pairing part, density dependent delta interaction (DDDI)[40, 41]
in the mixed form is used. It is expressed as [42],
V
n/p
δ (~r1, ~r2) = V
n/p
0 [1−
1
2
(
ρ(~r1 + ~r2)
ρ0
)α]δ(~r1 − ~r2) (2)
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where the saturation density[43] ρ0=0.16 fm
−3 and α=1. The study had begun
with the search for drip-line nuclei where the nuclear binding ends. Separation
energy is the energy required to remove the last nucleon from the nucleus. At the
drip line, the separation energy should approach zero. Here, we are interested
in the 2n-separation energy. It is estimated from the binding energy using the
relation,
S2n(N,Z) = BE(N,Z)−BE(N − 2, Z) (3)
The quantity which specifies the shape of a nucleus is the quadrupole mo-
ment. From the quadrupole moment, we have estimated the deformation pa-
rameter β2 using the expression,
β2 =
4pi
3R2A
√
5
16pi
Q (4)
where Q is the quadrupole moment, A is the mass number and R = R0A
1/3,
with R0 = 1.2 fm.
We are also interested in the investigation of neutron and proton distribution
in W, Os and Pt isotopes. The quantity which characterizes these are the
neutron and proton radii. The mean square radius of neutron and proton can
be obtained from nucleonic density (ρp,n)[44] and are given by
< r2p,n >=
∫
R2ρp,n(R)d
3R∫
ρp,n(R)d3R
(5)
and finally rms radii is given by
rp,nrms =
√
< r2p,n > (6)
Nuclear charge radii are obtained by folding the proton distribution with finite
size of neutron and proton. Nuclear rms charge radius is evaluated using the
simplified form of the expression [32]
rc =
√
r2p + 0.64 (7)
For the nuclei far from the stability line, the number of neutrons is much
greater than that of the protons. This leads to the formation of a thin layer of
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neutrons around the bulk matter of the nucleus. This layer which is termed as
the neutron skin is measured as the difference between the neutron and proton
rms radii [45].
skin thickness ≡< r2n >1/2 − < r2p >1/2 (8)
3. Results and discussion
In the present work, we have made an attempt to study systematically the
ground state properties of even-even W, Os and Pt isotopes. The selected iso-
topes (W, Os and Pt) ranges from 2p drip-line to 2n drip-line. The subsections
deals with the study of the bulk properties of these isotopes.
3.1. Potential Energy Curves
We have started by developing the Potential Energy Curves (PEC) by us-
ing the linear constrained method[46]. In this method, we have to minimize
E
′
= E − λ( ˆ< Q20 > −Q20), where λ is the Lagrange multiplier and Q20 is the
quadrupole moment. Thus, binding energy corresponding to a specific Q20 is
obtained. Total energy which corresponds to the minimum value is the ground
state and all other local minima are the excited intrinsic states. We are inter-
ested only in the ground state properties. Fig. 1 shows the PEC of W isotopes
corresponding to HO basis for some selected Skyrme forces. Similar plots are
also there for Os and Pt. Since the PECs follow a similar trend in the case
of Os and Pt isotopes, we have not shown them here. From the PECs we can
see that the shape of the nuclei systematically changes betweeen prolate, oblate
and spherical configurations.
3.2. Binding energy
Binding energy is one of the important quantities which help to analyse the
validity of a theoretical model. The ground state binding energies per nucleon
are evaluated and plotted in Fig. 2. The results are compared with the available
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experimental values [47]. The calculated binding energies per nucleon shows
very small deviation from the experimental values. Compared to other Skyrme
parameters, UNEDF values are in better agrement with experimental values.
The parabolic shape of the graph is also reproduced in the case of all Skyrme
forces.
3.3. Separation energies and deformation parameter
In fig 3. we have shown the 2n-separation energies which are evaluated from
the binding energies using equation (3).
The calculated results have been compared with the available experimental
values [47]. From the figure, we can see that, as the neutron number increases,
ie, on aproaching towards the drip line, the separation energy decreases. This
is evident from the fact that as the number of neutrons increases, the nucleons
becomes less bound with each other and a small amount of energy is required to
remove them from the nucleus. From the figure, a sudden fall in the separation
energy is observed at the neutron shell closure (N=126). For all the three nuclei,
again a fall in the separation energy is observed at N=184. We can assume that
at this neutron number the next shell closure exits and can be the next magic
number after 126. We can see similar observations reported ealier using RMF
calculations in the case of superheavy nuclei [48].
In order to corfirm the shell closure, we have evaluated 2n-shell gap, which
is the differential variation of 2n-separation energy. It is expressed as,
δ2n = S2n(N,Z)− S2n(N + 2, Z) (9)
The computed δ2n is plotted in Fig. 4. From the figure, we can observe a sharp
peak at N = 82, 126 and 184 in the case of W isotopes. For Os and Pt isotopes,
sharp peak is observed for N = 126 and 184. At N = 82 also we will observe the
peak, which is not shown here, as it is outside the selected range of isotopes.
δ2n values also confirms the magic character of N=184.
We have also estimated the deformation parameters of these nuclei. The
computed values are depicted in fig. 5. It shows that at and near to the magic
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numbers (N=126 and 184), the deformation parameter is zero, showing spherical
configuration. We can observe the change in the deformation parameter from
prolate to oblate and then to spherical configuration.
3.4. Nuclear radii
Nuclear radius is one of the important quantities which helps in studying the
structural properties of nuclei. Fig. 6 shows the rms radii of proton and neutron
distributions computed using different Skyrme forces. As we move away from
the beta stability line, it is observed that the 2n-separation energy decreases and
finally goes to zero at the drip line. This reduction in the 2n-separation energy
with neutron number results in the spatial extension of neutron distribution.
This means that neutrons in the nuclei near to drip-lines are weakly bound.
For estimating this spatial extension, we use the quantity rms radii. From the
figure, we can visualise that as the mass number increases, neutron rms radii
increases. Even if the proton number is a constant for an isotope, due to the
n-p interaction, the proton radius increases.
Fig. 7 shows the nuclear charge radii. We have compared them with the
available experimental data. All the Skyrme forces shows similar trend in pre-
dicting the nuclear charge radii. SIII values overstimate the predicted charge
radii. All the other forces predict more or less same charge radii.
3.5. Neutron skin
Another interesting phenomenon is the formation of neutron skin in the
nuclei near drip-line. Because of the spatial extension of neutrons around the
nuclear core, a thin layer of neutrons is expected to evolve, which we call the
neutron skin. This layer of neutrons is quantitatively expressed as the difference
between neutron and proton rms radii. For normal nuclei, i.e. nuclei near
to the beta-stability line this difference are found to be 1-2 fm. But as the
neutron number increases towards the drip-line, the radial dimension of neutron
distribution is much greater than that of protons. Hence the difference between
neutron and proton rms radii also increases. If it exceeds the above-mentioned
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value we can expect the formation of neutron skin [45]. In fig. 8 we have plotted
the neutron skin thickness of W, Os and Pt isotopes, as a function of asymmetry
parameter, estimated using various Skyrme forces. From the figure, we can see
that the thickness of the skin increases with neutron number. Like our earlier
observations, here also, all the Skyrme forces shows the same trend in predicting
the values of neutron skin thickness. We obtain a linear relationship between
the skin thickness and mass number (or neutron number). It is found that the
SIII force underestimates the values of the predicted skin thickness all the other
Skyrme forces. UNEDF values predict a large skin thickness for all the nuclei
under consideration.
The evolution of neutron skin can also be visualized with the help of density
profile. We have plotted in fig. 9 the neutron and proton density distributions
of the stable and drip-line isotopes of W, Os and Pt nuclei. We can predict the
formation of neutron skin in these isotopes by analysing the distance between
the tail of neutron and proton density distributions. In the case of nuclei near
to beta-stability line this distance will be very small. From the figure, we have
observed that as neutron number increases, this distance also increases. This
shows the formation of neutron skin in the isotopes towards the neutron drip-
line.
4. Conclusion
In summary, we have made an attempt to investigate some of the structural
properties of transitional nuclei W, Os and Pt. The study has been carried
out with the help of Skyrme HFB theory. Harmonic oscillator and Transformed
harmonic oscillator basis have been employed in solving Skyrme HFB equations.
In the present work, we made use of some widely used Skyrme interactions
like SIII, SKP, SLY6, SKM*, UNEDF0 and UNEDF1. We have studied the
2n-separation energies, neutron and proton rms radii and neutron and proton
density distributions in these isotopes. We have predicted a sudden fall in 2n-
separation energy at N=126 and 184. The calculated deformation parameters
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also show the spherical nature near N=184. So we have concluded that N=184
may be the next neutron magic number. We have also observed that as the
neutron number increases, the neutron and proton rms radii increases. In W,
Os and Pt isotopes, on approaching the neutron drip line, the difference between
neutron and proton radii increases which results in the formation of neutron skin.
The same has been supported with the aid of the density profile. In short, we
have studied, with the aid of different Skyrme forces, the structural properties
of nuclei lying in the unexplored regions of the nuclear chart.
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Figure 1: Potential energy curves of W isotopes for some selected Skyrme forces.
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Figure 3: 2n-separation energy calculated using HO (solid) and THO (dashed) basis.
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